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Module-1

Mathematical Loqgic

® Syllabus:

Fundamentals of Logic: Basic Connectives and Truth Tables, Logic Equivalence — The Laws
of Logic, Logical Implication — Rules of Inference. The Use of Quantifiers, Quantifiers,
Definitions and the Proofs of Theorems.

® Basic Connectives and Truth table:

Proposition:
A proposition is a declarative sentence that is either true or false, but not both.

Example:
2 is a prime number. (true)
. All sides are equal in scalene triangle. (false)
2+3=4. (false)
. What is the time now?
Read this carefully.
From the above examples we note that 1, 2, 3 are proposition, whereas 4 and 5 are not the
propositions.

Logical Connectives and Truth table:

New propositions are obtained by starting with given propositions with the aid of words or
phrases like ‘not’, ‘and’, ‘if ... then, and ‘if and only if’. Such words or phrases are called

Logical connectives.

1. Negation:

A proposition is obtained by inserting the word ‘not’ at an appropriate place in the given
proposition is called the negation of the given proposition.

The negation of a Proposition p is denoted by — p (read ‘not p’). For any Proposition p, if p
is true, then - p is false, and if p is false, then - p is true. i.e., If the truth value of a proposition
p is 1 then the truth value of — p is 0 and If the truth value of a proposition p is 0 then the truth

value of = p is 1.

Example:

p: 4 is an even number.

= p: 4 is not an even number.




Truth table for Negation

Y - p

0 1

1 0

2. Conjunction:

A compound proposition obtained by combining two given propositions by inserting the
word ‘and’ in between them is called the conjunction of the given proposition.

The conjunction of two propositions p and q is denoted by p A q (read ‘p and q’). The
conjunction p A q is true only when p is true and q is true, in all other cases it is false. i.e., the
truth value of the conjunction p A g is 1 only when the truth value of p is 1 and truth value of
q is 1, in all other cases the truth value of p A q is 0.

Example:

p: V2 is an irrational number.

g: 9 is a prime number.

pAQ V2 is an irrational number and 9 is a prime number.

Truth table for conjunction

Y q pPAQ

3. Disjunction:

A compound proposition obtained by combining two given propositions by inserting the word
‘or’ in between them is called the disjunction of the given propositions.

The disjunction of two propositions p and q is denoted by p Vv g (read ‘p or q’). The disjunction
p V q is false only when p is false and q is false, in all other cases it is true. i.e., the truth value
of the disjunction p Vv q is 0 only when the truth value of p is 0 and truth value of q is 0, in all
other cases the truth value of p vV qis 1.

Example:




p: All triangles are equilateral.
q: 2+5=7.
p Vv q: All triangles are equilateral or 2+5=7.

Truth table for Disjunction

pPVvq

4. Exclusive Disjunction:

We require that the compound proposition “p or q” to be true only when either p is true or q
is true but not both. The exclusive or is denoted by the V.

The compound proposition p ¥ g (read as either p or g but not both) is called as exclusive
disjunction of the propositionsp and g. i.e, p¥q=(pA—q) V (QA D)

Example:

p:9 is a prime number
g: all triangles are isosceles.
p Y q: Either 9 is prime number or all triangles are isosceles, but not both

Truth table for Exclusive Disjunction

Y q

5. Conditional:

A compound proposition obtained by combining two given propositions by using the words
‘if” and ‘then’ at appropriate places is called a conditional.




The Conditional “If p, then q” is denoted by p — q and the Conditional “If q, then p” is
denoted by q — p. The Conditional p — q is false only when p is true and q is false, in all
other cases it is true. i.e., the truth value of the conditional p — q is 0 only when the truth
value of p is 1 and the truth value of q is O, in all other cases the truth value of p — qis 1.

Example:
p: 3 isa prime number.
g: 9 is a multiple of 6
Truth table for Conditional

Biconditional:

Let p and g be two sample propositions then the conjunction of the conditionals p — q and g
— p is called the biconditional of p and g. It is denoted by p <> g and it is same as (p — q) A
(q — p) is read as “If p then q and if q then p”.

Truth table for Biconditional

pP—9q | g—p




Problems:

1. Construct the truth tables for the following propositions.
().pA(=0) @ii). (- p) vV (iii). p— (= 0) (iv). = p) ¥ (-0
Solution:

The desired truth tables are obtained by considering all possible combinations of the
truth values of p and g. the combined form of required truth table is given below

-p | -q pA(=Q) (=p)Vq p— (-0 pY(-0

2. Let p, gand r be propositions having truth values 0, 0 and 1 respectively. Find the truth
values if the following compound propositions:

@.(pvagvr (). (pAg AT (iii). (pAq) —r
v).p—(@Arr ™M.pAr(@—r) (vi).p—(q——r1)
Solution:

(i) Since both p and g are false then (p Vv q) is also false. Since r true it follows that (p vV q) vV r
is true. Thus, the truth value of (p V. q) Vris 1.

(ii) Since both p and q are false, (p A q) is false. Since (p A q) is false and ristrue (p A Q) AT is
false. Thus, the truth value of (p A q) Aris 0.

(iii) Since (p A q) is false and r is true, (p A q) — r is true. Thus, the truth value of (p A q) —> r
is 1.

(iv) Since q is false and r is true, (q A r) is false. Also, p is false, therefore p — (q A 1) is true.
Thus, the truth value ofp — (q A1) is 1.

(v) Since ris true and q is false (q — r) is true. Also, p is false. Therefore, p A (g — 1) is false.
Thus, the truth value of p A (@ —r) is 0

(vi) Sincer is true, — r is false. Since q is false, ¢ — (= 1) is true. Also, p is false. Therefore,
p — (q =) is true. Thus, the truth value of p — (q——r)is I.




3. Indicate how many rows are needed in the truth table for the compound proposition
(pV(=q)) <« ((—r) As)—t. Find the truth value of the proposition if p and r, are true
and q, s, t, are false.

Solution:

The given compound proposition contains five primitives p, g, r, s, t. Therefore, the number of
possible combinations of the truth values of these components which we have to consider is
2°=32. Hence 32 rows are needed in the truth table for the given compound proposition.

Next, suppose that p and r, are true and q, s, t are false, then = q is true and - r is false. Since p
is true and - q is true, (p v (= q)) is true on the other hand, since - r is false and s is false, = r
A s is false. Also, t is false. Hence ((— 1) A'S) —t is true.

Since (p V (= q)) is true and ((- r) A s) — tis true, it follows that the truth values of the given

propositions (p V (—q)) <> (—rAs) —>tis 1.

Let p: A circle is a conic, Q: V5 is a real number, r: Exponential series is convergent.
Express the following compound Proposition in words:

(i).pA(=0) (i). =p) A g (i) g — (= p)
(iv).p¥(=q (M.p—(@QY¥rn (Vi). = p<q

Solution:

0] A circle is a conic and /5 is not a real number.
(i) A circle is not a conic and /5 is a real number.

(i) I v/5 is a real number, then a circle is not a conic.

(iv)  Either a circle is a conic or V5 is not a real number (but not both).

V) If a circle is a conic then either v/5 is a real number or the exponential series is
convergent (but not both).

(vi)  Ifacircle is not a conic then +/5 is a real number and if v/5 is a real number then a
circle is not a conic.

. Construct the truth table for the following compound propositions:
@.-(pra)— (i). g A ((=1) —p)

Solution:

The required truth table are shown below in a combined form




qr (=1 —p)




® Tautology and Contradiction:

A compound proposition which is true for all possible truth values of its components is called
a tautology.

A compound proposition which is false for all possible truth values of its components is called
Contradiction or an absurdity.

A compound proposition that can be true or false is called a contingency. In other words, a
contingency is a compound proposition which is neither a tautology nor a contradiction.

Problems:

1. Show that for any proposition p and g, the compound proposition p — (p V q) is a tautology
and the compound proposition p A (—p A q) is called contradiction.

Solution:

Let us first prepare the truth tables for p — (p vV q) and p A (= p A ). these truth tables are
shown below in the combined form.

pVvq p—(pVa) (-pAQ) PA(=pAQ)

From the above table we note that, for all possible values of p and g the compound proposition

p — (p V q) is true and the compound proposition p A (—p A q) is false.

Therefore p A (= p A Q) is contradiction and p — (p Vv q) is tautology.

2. Prove that, for any proposition p, g, r the compound proposition
(p— 9 A (qQ—1)— (p —1)is atautology

Solution:
The following truth table gives the required result.




P—ar@—) P=9Ar@—>n—(@@E—0

3. Prove that for any proposition p, g, r the compound proposition

(pVvVqV(p—r)A(q—r)istautology.

Solution:

The following truth table gives the required result.

p—=r|g—r| (p—onA@—r PpvagVvE—-nAr(@—r

4. Prove that for any proposition p, g, r the compound proposition
(p—qV(p—r1)—(p—(qVr))is tautology.




Solution:
The following truth table gives the required result.

p—or|(p—-qVp—rn (p—=qVpP—r
< (P—(@QVvr)

1 0 1

1 1 1 1

. Prove that for any proposition p, g, r the compound proposition
[((p = @) A (p— 1)] = (p — 1)) is tautology.

Solution:
The following truth table gives the required result.

p—=q| gq—r | (pP—->aqA(P—r P—=9A(P—>r—(pP-—r

6. Prove that for any proposition p, g, r the compound proposition
[PV g A{(p—r)A(q—r1)}] — ris tautology.




Solution:

The following truth table proves the gives result.

p—r

q—r

(p—>r)/\
Chnd))

pPVva

(Pva)A{p—1)
W Chnd)

(VA A {p—n
Aa—DH -t

1

1

0

0

. Verify the Compound Proposition (p vV q) — r < (=r — = (p v q)) is tautology or not.

pVvq

(pVq—r

= (pVa)

-r—-=(pVva)

PpVvay—->re(Er—
- (pVvaQ)

Hence the compound Proposition (p vV q) — r <« (- r — = (p Vv q)) is tautology




8. Prove that for any proposition p, g, r the compound proposition
{p—(@—n}—{(P—0a) —(p—n}is tautology.

Solution:

The following truth table gives the required result.

p=rja—rip—=@Q-n| {p—a— |{P~>@—=DN}—{pP—
(p—1) 9 —(P—n}k

1 1

1 1




® Logic equivalence:

Two statement s, S2 are said to be logically equivalent, and we write sy«<»s2, when the statement
sy is true (respectively false) if and only if the statement s is true (respectively false). Or the
biconditional s1<s; is a tautology

Problems:

1. For any two propositions p, q Prove that (p — g)<(-p) vV q

Solution: The following truth table gives the required result.

-p

From the column 4 and 5 of the above truth table, we find that - p v g and p — q has the same
truth values of p and q. Therefore (p — q)=(—p) V q.

2. For any two propositions p, q Prove that (p >~ q)< (@ — —p)

Solution: The following truth table gives the required result.

-p q

From the column 5 and 6 of the above truth table, we find that p — — q and q — — p has the
same truth values of p and q. Therefore (p —»— q) (@ — —p).

3. For any two propositions p, g Prove that (p Y q)&((P VvV g) A= (p A Q).

Solution: The following truth table gives the required result.




(PvagA=(pAQ)

From the column 4 and 7 of the above truth table, we find that (p Y q)and (p V@) A~ (p A Q)
has the same truth values of p and g. Therefore (p Y q)&(p VvV q) o~ (p A q).

4. For any propositions p, g, r. Prove that [(p — (g = 1n]e [(p A1) —» = Q)]

Solution: The following truth table gives the required result.

~q o q—r pAmr | p—=(q—T)

From the column 8 and 9 of the above truth table, we find that [p — (g — )] and [(p A~ 1) —
= )] has the same truth values of p and g. Therefore [(p — (g —» 1] [(p A1) — = Q)]

5. Show that the compound propositions p A ((—q) Vr) and p V (q A (— 1)) are not logically
equivalent.

Solution: The following truth table gives the required result




pA(CaVvn) | pv(@A(=D)

From the last two rows we note that p A (—q) Vr)and p V (q A (—1)) do not have the same
values in all possible situations. Therefore, they are not logically equivalent.

The Laws of Logic:

For any primitive statements p, g, r any tautology T, and any contradiction F,

SI. No

Name of laws

Laws of logic

Laws of double negation

—|—|p@p

De Morgan’s laws

“(pVge(-pAr—o)
“(pAgQe(=pV Q)

Commutative laws

(PVa)e(qVp)
(P Ag)e(qAp)

Associative laws

pvvne (pvgVr
pPA(@AN S (PAQAT

Distributive laws

pv(AneEVa APV
pA(@vNeEAgV(pAT

Idempotent laws

pVvpep
PApep

Identity laws

pVF.ep
p A Top

Inverse laws

pVv-apeT,
pA- psko

Domination laws

pVvTeeT,
p A FoFo

Absorption laws

pV(prg)ep
pA(pVa)=p




Problems:

1. Prove distributive lawp vV (qANS(MPV Q) AP Vr)

Solution:

pvV(QATn PVvaAr(pVvr)

0 0

0 0

From columns 5 and 8 of the above table, we find that {p V(qAr}and {(pVq) A(pVr)}
has same truth values in all possible situations. Therefore, p V (@ Ar)&(p vV q) A (p V ).

Similarly, we canprove p A (qVr)e(PAq V(pAT).

2. Prove De Morgan’s law = (pV q) & ~pA—(Q

Solution:

- (pVvQ)

1

0

0

0 0 1 0

From columns 5 and 8 of the above table, we find that - (p v q) and = p vV = g has same truth
values in all possible situations. Therefore, " (pV q) © ~p A —q.

Similarly, we canprove = (pAq) & -pV—q




Law for the negation of a conditional:

Given a conditional p — q, its negation is obtained by using the following law.
2 (p—g)=pA (o)
Proof:

The following table gives the truth values of = (p — q) and p A (= q) for all possible truth
values of p and g.

q P—q ~(p—0) pA(=0)

We note that = (p — g) and p A (— @) have same truth values in all possible situations. Hence,
“(p— g A9l

Problems:

1. Simplify the following compounds propositions using the laws of logic.
@pvanr[-{(=p) A} (ipvagAr[-{(=p)Vval
({i) 2 [~ {(pVa) Ar}V(=a)]
Solution:
Mpvarl[-{(=p)Aa}]
=pVvgAr{(=-p)V(-0)} By De Morgan’s law

=pvagr{pVv(-a} By Law of double negation
=pv{aA(-q)} By Distributive law
=pVhko By Inverse law

=p By Identity law

(ipvanr[={(-p) vai
=(pvagr{pr (-0}
={(pVva)Arp}Ar(-0) Using Associative law




={pA PV} A (=0)
=pA(-0)

(i) =[-{(pVvaArkv(=q]
=a[={({(PvaArr)Ard}]
=((Pva)rn g
=PV (@A)
={(pVva)rg}Ar

:q/\r

Using Commutative law

Using Absorption law

Using De Morgan’s law

Law of Double negation

Using Associative and Commutative law
Using Associative law

Using Associative law

2. Prove the following logically without using truth table.

(). [pvaVv(=pA=gAnN]epvaVvr

@ii).pm(g—nNe(pArQq) —r

Solution:
O [pvagVv(EpA=gAn]epvgyVr

We have, "pA—qAre~(pV QAT

(i). [Gpv-g—(pArarn]lepig

By De Morgan’s law

Therefore, [pvg v —pA—gAD] © PV Vv (Vg Ar)

S[pvag va(pvalr(pvagvr

©ToA(pVvgVr

s(pPpvqgvr

(i) [Gpv-0g)—(prqAD]=pAQ

By Distributive law
By Inverse and Associative law

By Commutative law

We have, [(-pVv-0g)—=PAgAN]e-(-pVv-q) V(PAQAT)

SPArg) Vv IpArg) ATl

SpAg

(ii)we have,p - (q—>rNe-p Vv (-q V)

S >EpvaqQ v
S pAg Vvr

< (pAQ)—r

Because (u —» V) © (=u Vv V)
By De Morgan’s law and Associative law

By Absorption law

Because (u — V) © (=u V V)
Associative law
De-Morgan’s law

Because (u > V) © (- u VvV V)




Duality:

Let s be a statement. If s contains no logical connectives other than A and Vv, the dual of s

denoted by s¢, is the statement obtained from s by replacing each occurrence of Aand v by v
and A respectively, and each occurrence of To and Fo by Fo and To, respectively.

Example: Given the primitive statements p, g, r and the compound statements
s:(pA () Vv (rATo)

sh(p Vv (=) A Vv Fo)

Principle of Duality:

Let s and t be two statements that contains no logical connections than A and v . If s&t, then
d d
R

Problems:

1. Write duals of the following propositions.
().p—q (i).(p—a)—r (i) p—>(@—r)

Solution: we recall that (u > V) © (- u Vv V)

Therefore, by the principle of duality we find that

HP—-a!e-pvaleprg

(i) [(p—a)—r'e[-(=pva vr]

e[(pr-ag) v
S((pPVv-ag)Aar
(i) [p— @—nNl"e [-p v (-0
e[=pVv(=qv
S-pA(=aAD
2. Write duals of the following propositions.

(i).g—p (i).(pv Q) Ar (iii). (p A q) v To
(iv).p—(@Ar) (v).peq (vi).pY¥q

Solution: we recall that (u - V) & (=u Vv V)
Therefore, by the principle of duality we find that
H@—p? e @Egvpie-grp
(i) [(pva)yrrlie (prg) vr
(iii) [(p A a) VTo]*e (p v a) AFo




(iVp—>@AN‘e[~pVv @ANI"e-pA(q V)

MpeqgielP-anr@-plPe(-pvaA=qvpl
S EpAg v (=gAap)
Vvi)lpvgl’e[pr-a v @r—plPe[(pv-a)AV-p)]

NAND and NOR:

The compound proposition = (p A q) is read as “Not p and q” and also denoted by (p 1 ). The
symbol 1 is called NAND connective.

The compound proposition = (p v q) isread as “Not p or q”” and also denoted by (p | q). The
symbol | is called the NOR connective.

Truth table

PTq

Whereptgq=-(pAg)e-pVv -~gqandp|g=-(p V g)epA-q

Problems:

1. For any propositions p, g Prove the following
(). -~(pla)e -pT-q (i) ~(pta)e ~pl-q
Solution: Using definition, we find that
Lo aplae-[-(pval
& a[-pA-ad]
Sapt-q
“(pra)e-[-(pArg]
e-a[-pvVv-d
S —pl-Q

2. For any propositions p, g, r Prove the following




(). pt(@tne ~pv (AT (i).(prta)rre(Aag var
(iii). pl(@lne =pa(@vr) (iV).(pl@)lre@Evagaar

Solution: Using definition, we find that
M.pt@tne-[pA@QTN)]
e a[pA-(qAan]

S-pVv-[-(QAn)]

S-pv QA

(). pta)tre-[proAan

S-[PrgaT

S-PEArg] v

S (pAq) var
(). pl@ine-[pVv(aln]l
©=pv-a(qvi)

S-apA=a[-(qv )]

S-apA(gvr)
V). ple)lre-[(plag vir]
S-a[-(pPvavr]

S volaar

SpPvVvoAa-r




Converse, Inverse and Contrapositive:

Consider a conditional p — q then:

1. q— piscalled the converse of p — @.
2. = p——qiscalled the inverse of p — q.
3. - q——piscalled the contrapositive of p — q.

Truth table for converse, inverse and contrapositive

- p ~q P—q qa—p ~p—q

1 1 1 1 1

0

Note: 1. A conditional and its contrapositive are logically equivalent i.e., p - q& ~-gq—-—p
2. A converse and the inverse of a conditional are logically equivalent
g— P pPp—(

Logical implication:

Logical implication is a type of relationship between two statements or sentences. The relation
translates verbally into "logically implies™ or "if/then” and is symbolized by a double-lined
arrow pointing toward the right (=). If p and g represent statements, then p = g means "p
implies g" or "If p, then g." The word "implies" is used in the strongest possible sense.

Example:
Suppose the sentences p and g are assigned as follows:

p = The sky is overcast.
g = The sun is not visible.

In this instance, p = q is a true statement (assuming we are at the surface of the earth, below
the cloud layer.) However, the statement p = g is not necessarily true; it might be a clear night.
Logical implication does not work both ways. However, the sense of logical implication is
reversed if both statements are negated. i.e., (p = q) = (- q= - p)

Using the above sentences as examples, we can say that if the sun is visible, then the sky is not
overcast. This is always true. In fact, the two statements p = g and - q = - p are logically
equivalent.




Necessary and Sufficient Conditions:

Consider two propositions p and g whose truth values are interrelated. Suppose that p = q.
Then in order that g may be true it is sufficient that p is true. Also, if p is true then it is necessary
that q is true. In view of this interpretation, all of the following statements are taken to carry
the same meaning:

. p=9q (ii). p is sufficient for q (iii). q is necessary for p

Problems:

1. State the converse inverse and contrapositive of
i) If the triangle is not isosceles, then it is not equilateral
i) If the real number x? is greater than zero, then x is not equal to zero.
iii) If a quadrilateral is a parallelogram, then its diagonals bisect each other.

Solution:
(i) p: Triangle is not isosceles and q: Triangle is not equilateral.

Implication: p — q. if triangle is not isosceles then it is not equilateral.
Converse: g — p. if a triangle is not equilateral then it is not isosceles.
Inverse: = p —— q. if a triangle is isosceles then it is equilateral.

Contrapositive: = g—— p: if a triangle is equilateral then it is isosceles.

(ii) p: A real number x? is greater than zero and q: X is not equal to zero.
Implication: p — q. if a real number x? is greater than zero then, x is not equal to zero.
Converse: q — p. if a real number x is not equal to zero then, x? is greater zero.
Inverse: - p—— q. if a real number x? is not greater than zero then, x is equal to zero.
Contrapositive: 1f a real number x is equal to zero then, x? is not greater than zero

(i11) p: If Quadrilateral is a parallelogram and q: its Diagonals Bisects each other.

Implication: p — g. If Quadrilateral is a parallelogram, then its diagonals bisects each
other.

Converse: g — p. If the diagonals of the Quadrilateral bisect each other, then it is a

parallelogram.

Inverse: = p ——@. If Quadrilateral is not a parallelogram, then its diagonals do not bisect
each other.

Contrapositive: = g—— p: If the diagonals of the Quadrilateral do not bisect each other,

then it is a not a parallelogram.

2. Write down the following statements in the ‘Necessary and Sufficient Condition’
Language.
i) If the triangle is not isosceles, then it is not equilateral
i) If the real number x? is greater than zero, then X is not equal to zero.
iii) If a quadrilateral is a parallelogram, then its diagonals bisect each other.

Solution:




Necessary Condition Language:

(). For atriangle to be non-isosceles it is necessary that is not equilateral.

(ii). A necessary condition for a real number x? to be greater than zero is that x is not equal to

zero.

(ii1). A necessary condition for a quadrilateral to be a parallelogram is that its diagonals bisect
each other.

Necessary Condition Language:

(). A sufficient condition for atriangle to be not equilateral is that it is not isosceles.

(ii). For areal number x, the condition x?to be greater than zero is sufficient for x to be not
equal to zero.

(iin). A sufficient condition for the diagonals of a quadrilateral to bisect each other is that the

quadrilateral is a parallelogram.




® Rules of inference:

Let us consider the implication (p1 A p2A ... Apn) = q

Here n is a positive integer, the statements pz,p2, .... pnare called the premises of the argument
and q is called the conclusion of the argument.

We write the above argument in the following tabular form:

P1
P2
ps3

Dbn_
The preceding argument is said to be valid if whenever each of the premises p1, pz, .... pn IS
true, then the conclusion q is likewise true.
i.e., (1A P2A ... Apn) = qis valid when (p1 A p2A ... Apn) =q
It is to be emphasized that in an argument, the premises are always taken to be true whereas
the conclusion may be true or false. The conclusion is true only in the case of valid argument.
There exist rules of logic which can be employed for establishing the validity of arguments.
These rules are called Rules of Inference.

Name of the rule and rule of inference

Rules of inference Name of rule

Rule of Detachment

_)
p. 1 (modus pones)

Law of Syllogism

Modus Tollens

Rule of Conjunction

Rule of Disjunctive Syllogism

Rule of Contradiction

Rule of Conjunctive Simplification

Rule of Disjunctive Amplification




Problems:
1. Test whether the following is valid argument.
If Sachin hits a century, then he gets a free car.

Sachin hits a century.

=~ Sachin gets a free car.
Solution: Let p: Sachin hits a century.
g: Sachin gets a free car.

The given statement reads

p

In view of Modus Pones Rule, this is a valid argument.

2. Test the validity of the following arguments.
If Ravi goes out with friends, he will not study.
If Ravi does not study, his father will become angry.
His father is not angry.
=~ Ravi has not gone out with friends.

Solution: Let p: Ravi goes out with friends.
g: Ravi does not study.
r: His father gets angry.

Then the given argument reads.

p—q
q-—r
_ar

o —|p

This argument is logically equivalent to (Using the rule of syllogism)

p—or
_ar

S p
In view of Modus Tollens Rule, this is a valid argument.
3. Test whether the following is valid argument.
If Sachin hits a century, then he gets a free car.

Sachin does not get a free car.

=~ Sachin has not hit a century




Solution: Let p: Sachin hits a century.

g: Sachin gets a free car.

The given statement reads

p—=q
—q
S p
In view of Modus Tollens Rule, this is a valid argument.

4. Test the validity of the following argument
If I study, then I’1l not fail in the examination.
If I do not watch tv in the evenings, | will study.
| failed in the examination.
=~ | must have watched tv in the evenings.

Solution: Let p: | study
g: | fail in the examination
r: I watch tv in the evenings.

Then the given argument reads

This argument is logically equivalent to

ST

(because (p —»— Q) © (-~ q— - p))

(because ("r—p) e (—p—1))

This is equivalent to (Using rule of syllogism)

q
or

In view of Modus Pones Rule, this is a valid argument.

5. Test the validity of the following argument
I will become famous or | will not become a musician.
| will become a musician.
~ | will become famous.




Solution: Let p: I will become famous
g: I will become a musician

Then the given argument reads

This argument is logically equivalent to

Becausepv—-q © ~qVp ©q-p
In view of Modus Pones Rule, this is a valid argument.

6. Test the validity of the following argument
I will get grade A in this course or | will not graduate.
If | do not graduate, I will join army.

| got grade A.
~ 1 will not join army.

Solution: Let p: I will get grad A in this course
g: | do not graduate.
r: 1 will join army.

Then the given argument reads

This argument is logically equivalent to

q=p
r—>"q
p

ST

Because pv-q © qVp © - q— pand using Contrapositive.

This is equivalent to (Using rule of syllogism)

r—=p
p
ST

This is not a valid argument.

7. Test whether the following is valid argument.




If Sachin hits a century, then he gets a free car.

Sachin gets a free car.

=~ Sachin has hit a century.
Solution: Let p: Sachin hits a century.
g: Sachin gets a free car.

The given statement reads

__ 4
We note that if p — q and q are true, there is no rule which asserts that p must be true.
Indeed, p can be false when p — q and g are true. See the table below.

p q p—q (P> q~Arg
0 1 1 1

Thus, [(p = q) A q] = p is not atautology. Hence, this is not a valid argument.
8. Test the Validity of the following argument:
(. pnrg (i). p (iii). p—or
p—(q—r) p—-q g—=r
r ng—oor s pva)—r
-
Solution:

(). Since p A q is true, both p and q are true. Since p is true and p — (q — r) is true, q — 1
Should be true. Since q is true and g — r is true, r should be true. Hence the given argument is
valid.

(i). The premises p — — g and = q — — r together yields the premise p — — . since p is true,
this premise p — — r establishes that — r is true. Hence the given argument is valid.

(iii) We note that

P—-nNArA@—-nNeEpVvnNA(gVD

S vap)A(rvaqQ) By Commutative law
Srv(-pA-Q) By Distributive law
©-a(pvag vr By Commutative & De Morgan’s Law

SpPvag—r




This Logical equivalence shows that the given argument is valid.
9. Test whether the following arguments are valid:
). p—q (i). p—q
r—s r—s
pvr
S qVs
Solution:
(i) We note that
PoNDAT—=)AppVvNSP-oNATF—)A(mp—T)
SPogAGEP—=NA—YS) By Commutative law
SpP—gA(=p—S) Using Rule of Syllogism
S (qg—op)A(=p—9) Using Contrapositive
S (nq—9) Using Rule of Syllogism
©qVs
This Logical equivalence shows that the given argument is valid.
(i) We note that
PoPAF—=)A(mqV ) e (PoA(T—)A(g—o )
S P—q) A(@—-S)A(r—s) By Commutative law
S (pP—o-s)A(r—9) Using Rule of Syllogism
S(pP—o-as)A(ns— ) Using Contrapositive
S(p-—-rn) Using Rule of Syllogism
S-apvar)

S-(pAn

This Logical equivalence shows that the given argument is valid.

10. Show that the following argument is not valid:
p
pvqa
q—(r—s)

t—or

.'.—|S—>—|t




Solution:

Here p is true (premise) and (p v Q) is true (premise). Therefore, g may be true or false.

Suppose q is false. Then, since g — (r — s) is true (premise), r — s must be false. This
means that r must be true, and s must be false. Since r is true and t — r is true (premise), t may
be true or false. Suppose t is true, then = t is false. Since s must be false, = s must be true.
Consequently, = s — — t is false.

Thus, when q is false and t is true, the given conclusion does not follow from the given
premise. As such, the given argument is not valid argument.




® Open statement:

A declaration statement is an open statement

If it contains one or more variables.

If it is not statement.

But it becomes statement when the variables in it are replaced by certain allowable
choices.

Example: “The number x+2 is an even integer” is denoted by P(x) then = P(x) may be read as
“The number x+2 is not an even integer”.

Quantifiers:

The words “all”, “every”, “some”, “there exist” are associated with the idea of a quantity such
words are called quantifiers.

1. Universal quantifiers:
The symbol V has been used to denote the phrases “for all” and “for every” in logic “for
each” and “for any” are also taken up to equivalent to these. These equivalent phrases are
called universal quantifiers.
Existential quantifiers:
The symbol 3 has been used to denote the phrases “there exist”, “for some” and “for at
least one” each of these equivalent phrases is called the existential quantifiers.

Example: 1. For every integer x, X is a non-negative integer 3 x € s, P(x).

2. For the universe of all integers, let
p(x): x>0.
g(x): x is even.
r(x): x is a perfect square.
s(x): x is divisible by 3.
t(x): x is divisible by 7.

Problems:
Write down the following quantified statements in symbolic form:
i) At least one integer is even.
ii) There exists a positive integer that is even.
iii) Some integers are divisible by 3.
iv) every integer is either odd or even.
v) if x is even and a perfect square, then is not divisible by 3.
vi) if x is odd or is not divisible by 7, then x is divisible by 3.

Solution:




Using the definition of quantifiers, we find that the given statement read as follows in
symbolic form

) 3x, ()

i) 3, [ p(x) A a(x)]

i) 3x, [ q(x) A s(X)]

vi) Vx, [q(x) ¥ = q(X)]

V) Vx [{q(X) A r(x)} — s(X)]

Vi) Vx, [{- q(X) v =t(X)} —s(x)]

Rules employed for determining truth value:

Rulel: The statement “V x € s, p(x)” is true only when p(x) is true for each x € s.
Rule2: The statement “3 x € s, p(x)” is false only when p(x) is false for every x € s.

*Rules of inference:

Rule3: If an open statement p(x) is known to be true for all x in a universe s and if a € s then
p(a) is true. (this is known as the rule of universal specification).

Rule4: if an open statement p(x) is proved to be true for any (arbitrary) x chosen from a set s
then the quantified statement V x € s, p(X) is true. (this is known as the rule of universal
generalization)

*Logical equivalence:

Two quantified statements are said to be logically equivalent whenever they have the same
truth values in all possible situations.

The following results are easy to prove.

) VX [p(x) Aq(x)] = (VX p(X) A (V X, q(x))
i 3Ax[pX) v gx)] = @ x pX) v (3 X a(x)
i 3x [p(x) — qx)] < 3x (~p(x) v q(x)

*Rule for negation of a quantified statement:

Rule5: To construct the negation of a quantified statement, change the quantifier from
universal

to existential and vice versa.
e, 2 [VX p(X)] =3 x [ ~p(X)]
= [(@ X p()] =V x [~ p(x)]




Problems:
1. Consider the open statements with the set of real numbers as the universe.
p(x): [x[>3, q(x): x>3

Find the truth value of the statement V x, [p(X) — q(x)]. Also, write down the converse, inverse
and the contrapositive of this statement and find their truth values

Solution:
We readily note that
p(-4) =|-4|>3is true and q(-4) =-4>3 is false
Thus, p(x) —q(x) is false for x=-4.
Accordingly, the given statement V x, [p(X) — q(X)]
The converse of the statement (i) is V X, [q(X) — p(X)]
In words, this reads “For every real number x, x>3 then [x|>3”

Or Equivalently, “Every real number greater than 3 has its absolute value (magnitude) greater
than 3”

This is a true statement.
Next, the inverse of the statement (i) is V X, [~ p(X) — = q(X)] (iii)
In words this reads “For every real number X, if |x| <3 then x<3”

Or equivalently, “If the magnitude of a real number is less than or equal to 3, then the number
is less than or equal to 3”

Since the converse and inverse of a conditional are logically equivalent the statements (ii) and
(ii)) have the same truth values. Thus iii) is a true statement.

Then the contrapositive of statement (i) is V x, [ q(X) — = p(X)]

“Every real number which is less than or equal to 3 has its magnitude less than or equal to 3.

2. Let p(X): x2-7x+10, q(X): x2-2x-3, r(x): x<O0.
Determine the truth or falsity of the following statements. When the universe U contains
only the integers 2 and 5. If a statement is false. Provide a counter example or explanation.

(). Vx, [p(x) >~ r(x)] @i). V' x, [a(x) — r(x)]
(iii). 3 X, [q(X) — r(X)] (iv). 3 x, [p(X) — r(X)]

Solution:
Here, the universe is U= {2, 5}.

We note that x2-7x+10 = (x-5) (x-2). Therefore, p(x) is true for x=5 and 2. That is p(X) is true
for all x e U.




Further, x2-2x-3 = (x-3) (x+1). Therefore, q(x) is only true for x=3 and x=-1. Since x=3 and
x=-1 are not in the universe, q(x) is false for all x e U

Obviously, r(x) is false for all x € U.

Accordingly:

(1) Since p(x) is true for all x € U and - r(x) is true for all x € U, the statement V X,
[p(x) = —r(x)] 1s true.

(i) Since q(x) is false for all x € U and r(x) is false for all x € U, the statement V X,

[a(x) — r(x)] is true.

(iii) Since q(x) and r(x) are false for x=2, the statement 3 x, [q(X) — r(x)] is true.

(iv) Since p(x) is true for all x € U but r(x) is false for all x € U. the statement p(x) — 1(x) is
false for all x € U. consequently, 3 x, [p(x) — r(x)] is false.

3. Negate and simplify each of the following.

(D). 3% [p(¥) v a(x)] (ii). V' x, [p(x) A~ q(x)]

(iii). V X, [p(x) — a(x)] (iv). 3 [p(X) v q(x)] — r(x)
Solution:

By using the rule of negation for quantified statements and the laws of logic, we find that
()~ [3x{p(x) v a)}=Vx [~{p(x) v q(x)]

=V X [2pX) A-aX)]
(i) 2 [VX {p() A= a()3] =3 x, [ {p(x) A ~a(x)}]

=3x [~p() v q(x)]
(i) 2 [VX {p(X¥) = qx)}1=3x [~ {=p(X) v q(x)}]
=3 [pP(X) A=)}
(V)2 [3x {p(x) v a()} =r(x)] =V x, [~ {~(p(X) v q(x)) Vv r(x)}]
=V x [{p(x) v a()} A~ r(X)]

4. Write down the following proposition in symbolic form, and find its negation:
“If all triangles are right angled, then no triangle is equiangular”.

Solution:
Let T denote set of all triangles. Also, p(x): X is right angled, g(x): x is equiangular.
Then in symbolic form, the given proposition reads

{(VXeT, pX)} — {VXeET, -qXx)}




The negation of this is
{(VXET,p(X)} A {IXET, qX}
In words, this reads “All triangles are right angled and some triangles are equiangular”.
Logical implication involving quantifiers
5. Prove that 3 X, [p(x) A g(X)] = 3 X, p(x) A 3 X, q(X)
Is the converse true
Solution:
Let S denote the universe, we find that
3 x, [p(X) A q(X)] = p(a) A q(a) forsomea € S
= p(a), fora€ Sand g(a) forsomea € S
=3 X, p(X) A3 X, q(X)

This proves the required implication.

Next, we observe that 3 x, p(x) = p(a) for some a € S and 3 X, q(x) = q(b) for some b « S.

Therefore, 3 x, p(x) A 3 X, q(X) = p(a) A q(b)
& p(a) A q(a) because b need not be a
Thus, 3 x, [p(x) A q(x)] need not be true when 3 x, p(x) A 3 X, q(X) is true.
That is 3 x, p(x) A 3 X, q(X) & [p(x) A q(x)]
Accordingly, the converse of the given implication is not necessarily true.
6. Find whether the following arguments is valid:
No engineering student of first or second semester studies logic

Anil is a student who studies logic.

=~ Anil is not in second semester

Solution:
Let us take the universe to be the set of all engineering students
p(x): X is in first semester.
g(x): x is in second semester.
r(x): x studies logic.
Then the given argument reads

Vx[{p(x) Vax)} =~ rx)]

@@
~=q(a)




We note that
VX, [{p(x) v q(¥)} == r(x)] = {p(a) v q@} —>—r()
By rule of universal specification.

Therefore,
[V X {p(x) v q(x)} == r(x)] A r(a)
= [{p(@) v q(@)} —»—r@] Ar@@)
=r(a) A[r(@ — —[p(a) v q(a)]], Using Commutative law and Contrapositive
=-[p(a) v q(a)], By the Modus Pones law
== p(@) A - q(a), By De Morgan’s law
= -1 q(a), by the rule of conjunctive specification,

This proves that the given argument is valid.

7. Find whether the following argument is valid.
Ifa triangle has 2 equal sides then, it is isosceles.
If the triangle is isosceles, then it has 2 equal angles.
A certain triangle ABC does not have 2 equal angles.
=~ the triangle ABC does not have 2 equal sides.

Solution:
Let the universe be set of all triangles

And let p(x):x has equal sides.

g(x): x is isosceles.
r(x): x has 2 equal angles.

Also let C denote the triangle ABC.
Then, in symbols, the given argument reads as follows:

Vx, [p(x) — q(x)]

VX [a(x) — r(x)]

=r(c)
~p(9)

We note that

VX, [p(x) = (] A {V X, [a(X) — r(x)]} A = 1(C)

= {Vx, [pP(X) = r(x)] A = r(0)}, By Rule of Syllogism
= {[p(c) — r(c)] A —r(c)}, By Rule of Universal Specification

= = p(c) By Modus Tollens Rule




This proves that the given argument is valid.

8. Prove that the following argument is valid.
Vx, [p(x) v q(x)]
3 X, = p(X)
VX [a(X) v r(x)]
VX [s(x) = =r(x)]
s~ 3 X, = S(X)

Solution:

We note that

{Vx [p(x) v qx)]} A[3 X = p(X)]
= [p(@) v q@)] A -p) For some as in the universe
= q(a) By Disjunctive Syllogism
Therefore, {V x, [p(x) V qX)]} A[IX, " pX)] A {V X, ["q(Xx) V r(X)]}
=q(a) A [~a(@) v r@)]
= r(a) By Rule of Disjunctive Syllogism

Consequently,
(VX [PO) vaR)II A {3 % = p()} ALY X [=a(X) vV ()]} A {V X, [s(x) = = 1(X)]}
=r(a) A {s(a) — = r(@)}

= -5(a) By Modus Tollens rule
= 3 X, = 5(X).

This proves the given argument is valid.

Quantified statements with more than one variable

9. Determine the truth value of each of the following quantified statements. The universe
being the set of all non-zero integer.
)3 x 3y[xy=1]
i) I XV y[xy=1]
i) Vx 3y [xy=1]
iv) 3%, 3y, [(2x+y=5) A (x-3y=-8)]
v) A X, 3y, [(3x-y=17) A (2x+4y=3)]

Solution: (i) true (take x=1, y=1)
(i) False (for specified x, xy=1 for every y is not true)
(iii) false (for x=2, there is no integer y such that xy=1)
(iv) true (take x=1, y=3)

(v) false (equation 3x-y=17 and 2x+4y=3 do not have a common integer solution)




® Methods of proof and methods of disproof:

Direct proof:

1. Hypothesis: first assume that p is true.

2. Analysis: starting with the hypothesis and employ the rules/ Laws of logic and other known
facts infer that q is true.

3. Conclusion: p — q is true.

Indirect proof:

A conditional p — q and its contrapositive - q —— p is logically equivalent. In some
situations, given a condition p — q, a direct proof of the contrapositive = q—— p is easier. On
the basis of this proof, we infer that the conditional p — q is true. This method of proving a
conditional is called an indirect method of proof.

Proof by contradiction:

1. Hypothesis: assume that p — q is false, that is assume that p is true and q is false.
2. Analysis: starting with the hypothesis that q is false and employing the rules of logics and
other known facts, this infer that p is false. This contradicts the assumption that p is true.
. Conclusion: because of the contradiction arrived in the analysis, we infer that p — q is
true.

Proof by exhaustion:

Recall that a proposition of the form “V x € S, p(x)” is true if p(x) is true for every x in
S. if S consists of only a limited number of elements, we can prove that the statement “V x €
S, p(x)” is true by considering p(a) for each a in S and verifying that p(a) is true (in each case).
Such a method of proof is called the method of exhaustion.

Disproof by counter example:

The way of disproving a proposition involving the universal quantifiers is to exhibit
just one case where the proposition is false. This method of disproof is called disproof by
counter example.

Problems:
1. Prove that, for all integers k and |, if k and | are both odd the k+l is even and kl is odd.

Solution:

Take any two integers k and |, and assume that both of these are odd (hypothesis)

Then k=2m+1, 1=2n+! for some integers m and n. therefore,
k+1= (2m+1) +(2n+1) = 2(m+n+1)
Kl= (2m+1)(2n+1) = 4mn+2(m+n)+1

We observe that k+l is divisible by 2 and kl is not divisible by 2. Therefore k+l is an even
integer and Kkl is an odd integer.




Since k and | are arbitrary integers, the proof of the given statement is complete.

2. For each of the following statements, provide an indirect proof by stating and proving the
contrapositive of the given statement.
(i) for all integers k and |, if kI is odd then both k and | are odd.
(ii) for all integers k and I if k+l is even, then k and | are both even or both odd.

Solution:

The contrapositive of the given statement is

“For all integers k and |, if k is even or | is even then kl is even.
We now prove this contrapositive.
For any integers k and |, assume that k is even.

Then k=2m for some integer m, and kl=(2m)I=2(ml) which is evidently even. Similarly if | is
even, then kl=k(2n)=2kn for some integer n so that kl is even. This proves the contrapositive.

This proof of contrapositive serves as an indirect proof of the given statement.
(ii). Here, the contrapositive of the given statement is
“for all integers k and |, if one of k and I and is odd and the other is even, then k+1 is odd”
We now prove this contrapositive

For any odd integers k and |, assume that, one of k and | is odd and the other is even.

Suppose k is odd and | is even. Then k=2m+1 and I=2n for some integers m and n. consequently
k+I=(2m+1)+2n which is evidently odd.

Similarly, ifk is even and | is odd, we find that k+I is odd. This proves the contrapositive.
This proof of contrapositive serves as an indirect proof of the given statement.

3. Give (i) direct proof (i1) indirect proof (iii) proof by contradiction for the
following statement: “if n is an odd integer, then n+9 is an even integer”.

Solution:

(i) Direct proof: assume that n is an odd integer. Then n=2k+1 for some integer k. This gives
n+9 = (2k+1)+9 = 2(k+5) from which it is evident that n+9 is even. This establishes the truth
of the given statement by a direct proof.

(ii) Indirect proof: assume that n+9 is not an even integer. Then n+9 = 2k+1 for some integer
K. This gives n = (2k+1)-9=2(k-4), which shows that n is even. Thus, if n+9 is not even, then n
is not odd. This proves the contrapositive of the given statement. This proof of the
contrapositive serves as an indirect proof of the given statement.

(iii) proof by contradiction: assume that the given statement is false. That is, assume that n is
odd and n+9 is odd, n+9=2k+1 for some integer k so that n=(2k+1)-9= 2(k-4) which shows that
n is even. This contradicts the assumption that n is odd. Hence the given statement must be
true.




4. Prove that every even integer n with 2<n<26 can be written as a sum of most three perfect
squares.

Solution:

Let S={2,4,6, ...., 24, 26}. We have to prove that the statement: “V x € S, p(x)” is true,
where p(x): x is a sum of at most three perfect squares.

We observe that
16=42
18=4%+12+12
6=22+1%+12 20=32+32+12+12
8=22+2? 22=3%+32+22
10=32%+12 24=42+22+2?
12=2%+22+22 26=5%+1?

14=3%+2+12
The above facts verify that each x in S is a sum of at most three-perfect square.

5. Prove or disprove that the sum of square of any four non-zero integers is an even integer.
Solution:

Here the proposition is

“For any four non-zero integers a, b, ¢, d and a?+b?+c2+d? is an even integer”.

We check that for a=1, b=1, c=1, d=2 the proposition is false. Thus, the given proposition is
not a true proposition. This proposition is disproved through the counter example a=b=c=1 and
d=2.

6. Consider the following statement for the universe of integers if n is an integer then n?=n or
Vn {n?=n}.

Solution:

For n=0 it is true that n>=02=0=n and if n=1 is also true that n’>=12=1=n. however we cannot
conclude that n?=n for every integer n.

The rule of universal generalisation does not apply here, for we cannot consider the choices of
0 (or 1) as an arbitrarily chosen integer. If n=2, n>=4#n=2, and this one counter example is
enough to tell us that the given statement is false.

However, either replacement namely n=0 or n=1 is not enough to establish the truth of the
statement. For some integer n, n>=n or 3 n {n?=n}.

7. For all positive integers x and y if the product xy exceeds 25, then x>5 or y>5.

Solution:




Consider the negation of the conclusion that is suppose that 0 < x<5 and 0 < y<5. Under these
circumstances we find that 0O< x - y < 5-5 = 25.

So, the product of xy does not exceed 25.
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